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REGULARIZED ESTIMATION OF HIGH-DIMENSIONAL VECTOR
AUTOREGRESSIONS WITH WEAKLY DEPENDENT INNOVATIONS
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ABsTrRACT. There has been considerable advance in understanding the proper-
ties of sparse regularization procedures in high-dimensional models. In time
series context, it is mostly restricted to Gaussian autoregressions or mixing
sequences. We study oracle properties of LASSO estimation of weakly sparse
vector-autoregressive models with heavy tailed, weakly dependent innovations
with virtually no assumption on the conditional heteroskedasticity. In contrast
to current literature, our innovation process satisfy an L! mixingale type con-
dition on the centered conditional covariance matrices. This condition covers
L'-NED sequences and strong («-) mixing sequences as particular examples.
From a modeling perspective, it covers several multivariate-GARCH specifica-
tions, such as the BEKK model, and other factor stochastic volatility specifica-
tions that were ruled out by assumption in previous studies.

JEL: C32, C55, C58.
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1. INTRODUCTION

Modeling multivariate time series data is an important and vibrant area of
research. Applications range from economics and finance, as in Sims (1980),
Bauer and Vornik (2011), Chiriac and Voev (2011), or Ramey (2016), to air pol-
lution and ecological studies (Hoek et al., 2013; Ensor et al., 2013; Schwein-
berger et al., 2017). Among alternatives, the Vector Autoregressive (VAR) model
is certainly one of the most successful in modeling temporal evolution of vec-
tors, networks, and matrices. See Liitkepohl (1991) or Wilson et al. (2015) for
comprehensive textbook introductions.

The advances in data collection and storage have created data sets with large
numbers of time series (Big Data), where the number of model parameters to be
estimated may exceed the number of available data observations. A common
approach to dealing with high-dimensional data is to impose additional struc-
ture in the form of (approximate) sparsity and estimate the parameters by some
shrinkage method. Examples of estimation techniques range from Bayesian
estimation with “spike-and-slab” priors to sparsity-inducing shrinkage, such
as the least absolute and shrinkage estimator (LASSO) and its many exten-
sions. See Miranda-Agrippino and Ricco (2019) for a nice survey on Bayesian
The authors are grateful to Anders B. Kock and Giuseppe Cavaliere for helpful comments. M.
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VARs or Kock et al. (2020) for a review on penalized regressions applied to
time-series models.

1.1. Our Contributions. In this paper we study non-asymptotic properties of
high-dimensional VAR models and their parameter estimates using equation-
wise (row-wise node-wise) LASSO. We show that, with high probability, esti-
mated and population parameter vectors are close to each other in the Eu-
clidean norm and discuss restrictions on the rate which the number of pa-
rameters can increase as the sample size diverges.

The importance of our results relies on the fact that our non-asymptotic
guarantees serve as a fundamental ingredient for the derivation of asymptotic
properties of penalized estimators in high-dimensional VAR models. In partic-
ular, our results apply with minimal restrictions on the conditional variance
model, allowing, for instance, large-dimensional multivariate GARCH models.
Moreover, auxiliary results proved in this paper are of independent interested
and can, for instance, be used to derive finite bounds for other type of pe-
nalization such as group/structured lasso, elastic-net, SCAD or non-convex
penalties.

The data are assumed to be generated from a covariance-stationary and
weakly sparse VAR model, where the innovations are martingale difference
with sub-Weibull tails and conditional covariance matrix satisfying a L' mixin-
gale assumption. An important feature is that the resulting process {y,} is
not necessarily mixing and we avoid mixing assumptions at all in this paper,
which can be notoriously difficult to show. Nevertheless, it follows that our
model contemplate strong mixing innovations as a particular case.

These conditions contemplate VAR models with conditional heteroskedastic-
ity as in Bauwens et al. (2006); Boussama et al. (2011) or stochastic volatility
as in Chib et al. (2009).

1.2. Literature review. Some consistency results on model estimation and
selection of high-dimensional VAR processes were obtained by Song and Bickel
(2011), though under much stronger assumptions, such as Gaussianity. Loh
and Wainwright (2012) and Basu and Michailidis (2015) developed power-
ful concentration inequalities that enabled them to establish consistency un-
der weaker conditions and prove that these conditions hold with high prob-
ability. In particular, Basu and Michailidis (2015) established consistency of
l;-penalized least squares and maximum likelihood estimators of the coeffi-
cients of high-dimensional Gaussian VAR processes and related the estimation
and prediction error to the complex dependence structure of VAR processes.
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Other estimation approaches, including Bayesian approaches, are discussed
by Davis et al. (2016). Miao et al. (2019) proposed a factor-augmented large
dimensional VAR and studied finite sample properties and provide estimation
results. However, they assume independent and identically distributed er-
rors. More recently, Wong et al. (2020) derived finite-sample guarantees for
the LASSO in a misspecified VAR model. Authors assume the series is either
B-mixing process with sub-Weibull marginal distributions or a-mixing Gauss-
ian processes.

1.3. Organization of the Paper. The paper is organized as follows. In Section
2 we define the model and the main assumptions in the paper. In Section 3 we
discuss examples of applications of our results. The theoretical results are pre-
sented in Section 4, while in Section 5 we provide a discussion of our findings
and conclude the paper. All technical proofs are relegated to the Appendix.

1.4. Notation. Throughout the paper we use the following notation. For a
vector b = (by,...,b;) € R¥ and p € [1,00], |b|, denotes its [, norm, i.e. |b|, =
(5, |ba|P) /7 for p € [1,00) and |b|,, = max,<;< |b;|. We also define |blo = S35, 1(b; #
0). For a random variable X, || X|, = (E|X[|P)Y/? for p € [1,00) and || X ||l =
sup{a : Pr(|X| > a) = 0}. For a m x n matrix A with elements «;;, we denote
IAll, = maxicjen Do) ails [|All, = maxicicm D25, |ay

norms respectively, and the maximum elementwise norm || A||

, the induced [, and [;

’

max = MaX; j |a].

Also Ayin(A) and Ay (A) denotes the minimum and maximum eigenvalues of
the matrix A, respectively.

2. MODEL SETUP AND ASSUMPTIONS

Let {y: = (yt1,--..+.n)'} be a vector stochastic process defined in some fixed
probability space taking values on R" given by

(1) Vi =A1yi1+ Ay, Uy,

where u; = (uty,...,u,) iS @ zero-mean vector of innovations and A,,..., A,
are n X n parameter matrices. The dimension n = ny and order p = pr of the
process are allowed to increase with the number of observations 7. Write the
vector-autoregressive (VAR) process (1) using its first-order representation:

(2) yi = Fry,_1 +1uy,
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where y; = (y},...,y,1)» & = (u;,0',...,0")’, and

AL Ay - A, A ]
fZ, o, --- 0, O,
Fr=|o0, I, 0, O,
L On On In O |

Consider now the following assumptions.

Assumption (Al). All roots of the reverse characteristic polynomial A(z) = I,, —
P | A, lie outside the unit disk and there exist ¢4 > 0, ¢y > 0 and 0 <y < 1

such that

8) Pl Z |rsly < Coe™ ™",

k=m

where &, := J'FiJ = (Pr1y-- Grn) for all n and p, Fr denote the companion
matrixand J = (I,,,0,,...,0,)’.

Assumption (A2). The sequence {u;} is zero-mean, covariance stationary, mar-
tingale difference process with respect to its natural filtration {F;}. The largest
and smallest eigenvalues of ¥ := E(u,u)) are bounded away from 0 and oo re-
spectively, uniformly in T € N. Furthermore, for allb,,b, € {v € R" : |v]; < 1},
max E[E[b) (ww; — Z)bo|Fip]| < ae =",
S

Jor some aj,a; >0 and 0 < v < 1.

| [e%

Assumption (A3). Forallb € {v € R": |v|; < 1}, maxyey Pr(|b'uy| > x) < 2e71#/¢a
Jorsome a > 0,0 < ¢, <oo,and all) < z < co.

Assumption (Al) requires that the VAR process is stable and admits an
infinite-order vector moving average, VMA(c0), representation for all » and p
as

(4) Yt = Z J/Fngut_i = Z <I>iut_i.
=0 1=0

Furthermore, the coefficients of the MA(c0) representations of each {y;.}, i =
1,..,n, are absolutely summable with exponentially decaying rate. This condi-
tion is satisfied in standard VAR(p) models, where n and p are fixed. In models
that n is large, Lemma 4 in Appendix B.1 shows that condition (3) is satisfied
if >7_, |Axll., < 1 and further regularity conditions on the size of the coef-
ficients. Finally, notice that under (Al) it is also true that max; |¢;i|e < Co,
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which means that the coefficients {®,} are uniformly upper bounded under
the maximum entry-wise norm.

Assumption (A2) requires the error process to be a martingale difference
process satisfying very weak dependence condition on its conditional vari-
ance. This condition is of the weak type, L' projective dependence measure in
Dedecker et al. (2007, section 2.2.4). Note that (1) strong mixing (or a-mixing)
sequences satisfy this condition (Davidson, 1994, Theorem 14.2); and (2) uni-
form mixing sequences (¢-mixing) and f-mixing sequences are also strong mix-
ing, but the converse is not true (Bradley, 2005, Equations (1.11) - (1.18)). If
we denote the centered outer product series v; = vech (u;u; — 3), this assump-
tions requires that {v,} is L' mixingale. It means that stochastic process with
L" bounded, L' near-epoch dependent, centered outer product series v, are
also contemplated in this setting Andrews (1988).

Finally, Assumptions (A1) and (A2) combined ensure that {y,} is second order
stationary for each n and p (Liitkepohl, 2006, Ch. 2). However, the process {y,}
is not mixing nor (necessarily) near-epoch dependent.

Condition (A3) imposes restrictions on the tail behavior of the innovation
process {u;} that are shared by {y;}. More precisely, we impose moment con-
ditions on all linear combinations b’u; and Lemma 3, in the appendix, shows
that each {y;;} (¢ = 1,...,n) also share the same tail properties. This condition
is essential for defining the rate in which n and p increase with 7. We focus
on the case the tail decays at rate O(e~*") for some a > 0, that is, {b'u,} is
sub-Weibull with parameter a studied in Wong et al. (2020, Section 4.1). Note
that when o > 1 and a > 2 we have the sub-exponential and sub-Gaussian
tails respectively. However, when o € (0,1) the moment generating function
does not exist at any point and and these variables are usually called heavy
tailed.

Assumptions (A2) and (A3) describe the innovation process which has been
shown to be satisfied by a series of models. For instance, Proposition 3 in
Carrasco and Chen (2002) shows that under a set of regularity conditions our
assumptions (A2) and (A3) are satisfied by the polynomial random coefficient
autoregressive model; Boussama et al. (201 1) derive conditions for stationarity
and geometric ergodicity and geometric strong mixing for the general multi-
variate GARCH(p,q) model under the BEKK parametrization; and Hafner and
Preminger (2009a,b) provide conditions under which (A2)—(A3) is satisfied for
a multivariate GARCH specification and factor-GARCH models.

It is convenient to write the model in stacked form. Let x; = (y; ,...,¥;,)
be the np x 1 vector of regressors and X = (xi,...,x7) the T" x np matrix of
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covariates. Let Y; = (y;1,...,yir) be the T x 1 vector of observations for the i
element of y;, and U; = (u;1,...,u;7)’ the corresponding vector of innovations.
Denote 3, the np x 1 vector of coefficients corresponding to equation i. Then,
model (1) is equivalent to

(5) Y, =X3,+U;, i=1,...,n.
We now make additional assumptions concerning model (5).

Assumption (A4). The true parameter vectors 3;,i = 1,...,n, satisfy > :* | |8 ;| <
R, forsome(0 <¢g<1land0 < R, < oc.

Assumption (A5). The smallest eigenvalue of T := T—'E(X'X) is greater than a
positive universal constant o2, uniformly on T

Assumption (A4) imposes wealk sparsity of the coefficients, in a sense that
most of them are small. This condition is slightly stronger than we need in a
sense that we may have distinct ¢; and R,; for each equation. In the case ¢ =0
we have sparsity in the standard sense, meaning that R, = s, the number of
non-zero coefficients. In practice, we estimate a sparse model that truncates
all coefficients close to zero. This assumption is standard for weak sparsity,
see Negahban et al. (2012)[section 4.3] and Han and Tsay (2019)[Assumption
1] for an application in time series setting.

Assumption (Ab) is often used in the sparse estimation literature (e.g. Kock
and Callot, 2015; Medeiros and Mendes, 2016b; Han and Tsay, 2019). Basu
and Michailidis (2015) (Proposition 2.3) derived bounds for A,;;,(T') and A,,.«(T)
using properties of the block Toeplitz matrix I" and its generating function, the
cross-spectral density of the generating VAR(p) process:

Amin(z) . AmaX(E)
e Do (A () ALz = D) < A D) < e A AR

where A* is the conjugate transpose of .4, the reverse characteristic polyno-
mial, defined in Assumption (Al). Basu and Michailidis (2015)[Proposition 2.2]
shows that under (A1),

(6)

P 2
. ket (AN + (1A%
r‘?‘g(/\max(A (2)A(2)) < |1+ 5 :

Hence, (AD) is satisfied if, for instance, A, (X) > 0, > 7, ||Ax]l;, < oo and
k=1 1Al < oo

3. ILLUSTRATION

In this section we illustrate processes satisfying Assumptions (A2) and (A3).
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Example 1 (Strong mixing sequences). Let {u;} denote a martingale difference,
strong mixing sequence with coefficients «,,, < b; exp(—bym??*) and common covari-
ance matrix 3 with eigenvalues bounded away from zero and infinity, uniformly
in n. It follows that r, = bju,uib, is also strong mixing of same size and, from
(Davidson, 1994, Theorem 14.2), Er;—E(r,)| Fi—n| < a1 exp(—aym??), for constants
a; and as.

Example 2 (L' near-epoch dependent process). Let {u;} denote a weakly sta-
tionary, martingale difference sequence. Suppose b'v, = b’vech (u,u; — X) is a
centered, L'-NED sequence on F; = o{e;, €;_1,...), where {¢;} is a-mixing with co-
efficients a,, < ciexp(com™), for allb € {b € R*"*V/2: |b|; < 1}. It means that
there are finite constants {d,} and {v,,} such that

E ’b/(vt - E[Ut"/rtfm:t]” < dihp,

where F; .y = 0{€ty .oy €y and v, < exp(czm™). Under Assumption (A3), it
Jollows from Wong et al. (2020, Lemuma 5) and Hélder inequality that for any
r < oo

Dol < b7 max sl < mavx uaar < car'/e.

Finally, it follows from Andrews (1988, Example 6) that Assumption (A2) holds
with a; > (2max; dy + c47*) (€%/2 4 6¢,e2=V/"2) and ay < (c3 A co(r — 1)/7) /272,

Example 3 (Linear process in the variance). Let {v,} denote a sequence of cen-
tered independently and identically distributed, sub-Weibull random variables
taking values in R" with identity covariance matrix. Let u, = H tl ?v, where H i /2

is the Cholesky decomposition of H; and

h, =vech (H,;) = c+ Z vin,_;.
j=1
Here, vech (M) stacks the lower diagonal elements of matrix M and n, = vech (v,v})
and {U;} satisfy 327 [b'V;]; S e72™™ for allb € {b € R*"+D/2: |b|; < 1},
We first show {u;} is weakly stationary martingale difference with respect to
Fi1 = 0(V4_1,V4-9,...). First Elw|F_41| = Htl/QE[th-}_l] = 0. The covariance is

given by
/ 1/2 / 1/2vs
Elwew] = E[H,"E(v,v,| Fi-1)(H,")'] = E[H].

Now, Elh;] = C + >7% V;En,_; = C + > 2 Vjvech(l,) = X, where E(n,) =
vech (E(v,v})) = vech (I,,) for all t.
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For constant vectors by, by € {b € R, : |b| < 1},

— b'(h, — Eh,)
= Z B/\:[Jj (nt—] Ent—])v
j=1

where b € {b € R*""tV/2 : |b|; < 1}. It follows that

E |E[b,1 (Utu; — Y)by|Fin]| = E Z B/\Iij(nt—j - Ent—j|};€—m)

J=1

Z B/\Ijj(ntfj —En,_;)
Jj=m 1
< /) / 2
<2 <Z b %h) max [[b'v 3
j=m

where in the last line we use the same arguments of Lemuna 3 in the appen-
dix, followed by the triangle inequality and ||§'n,|| < maxp,|<1,jbs),<1 ||Pjv:vib2|| <
maxp|<1 ||b'vi||3. Then, Assumption (A2) is satisfied under the condition that
352 D] S e ™ and [[blvgls < oo,

As to assumption (A3), it _follows from (Wong et al., 2020, Lemuma 5) that we
have to show that sup;., d~/*||b'w||4 < ca < co. Forany d > 1,

[/l = [[bu,uibll);

= |b'H, v, (H,*)b] )2

/2
1/2
Mg o PH v, (H )b /
! b’ H,b
/2
1/d
12 prl/2ng. |92
dj2 b'H, " v,v;(H,")b
<& pHD"E LD ‘]—“H

1/d
< {E (|b’th\d/2 sup E[(a’vtv;(s)d/ﬂft_ﬂ)}
8'6=1
= |[b'H b5 sup [|0'v¢]la.
§'0=1

where the last line follow by independence. Condition (A3) holds if |b’H b||4/, is
bounded independently of d. It follows that there is b € {b € R*™» /2 : |b|; < 1}
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such that
Hb/thHd/Q = Hb/htHd/2

= E)/C + Z B/‘Ifj’l']t_j

j=1

d/2

Z B"I’jmfj
j=1

IN

B’CH +
/2

d/2

1./ 1./ ! 2
bol,, +2 (Z b ‘Ifj|1> ma b, 3.

i=1 -

IN

4. LASSO ESTIMATION BOUNDS

Let £7(8;) = 7|Y; — XB3,[3 denote the empirical squared risk, for each i =
1,...,n. We estimate 3,, : = 1,...,n, equation-wise using the LASSO procedure

(7) Bz S argﬂnel%%r}lp {ET(BZ) + )\’L|/8’L’1} ) i = 17 w1,

where )\; are positive regularization parameters. For ease of exposition we as-
sume \; = --- = A\, = \. It is well known that 3; = argming E {£L,(8;)} are the
population parameters in (5), under stated conditions.

We follow the steps in Negahban et al. (2012) to derive error bounds for the
equation-wise LASSO estimator. First define the pair of subspaces M(S) =
{u € R™|u; = 0,7 € S°} and its orthogonal complement M*(S) = {u € R"”|u; =
0,i € S}, where S C {1,...,np}. Set un and wu,,. the projection of v on M(S5)
and M=*(S), respectively. Clearly, for any u € R, |u|; = |upm|i + |[upe]i. We
say | - |; is decomposable with respect to the pair (M(S), M*(S)) for any set
S c{l,...,np}.

We have to show two conditions to obtain a finite sample estimation error
bound for the parameter vectors. The first condition is known as restricted
strong convexity (RSC) and restricts the geometry of the loss function around
the optimum 3" and is related to the Restricted Eigenvalue (Van De Geer et al.,
2009). The second condition is known as deviation bound and restricts the
size of the sup-norm of the gradient VL, (8%).

Definition (Deviation Bound (DB)). The deviation bound condition holds if the
event {\ > 2|X'U;/T|»} occurs with high probability for alli =1, ..., n.

Note that one may adopt individual A;s for each equation, in which above
definition should be modified adequately.
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Definition (Restricted Strong Convexity (RSC)). Define C(3*, M, M*) = {A €

R™[|A |1 < 3|Am|i + 48|} The restricted strong convexity holds for pa-

rameters r, and 7, if for any A € C,
A'X'XA

5 > el AR - A8,

Negahban et al. (2012)[Section 4] show these conditions are satisfied by
many loss functions and penalties. Basu and Michailidis (2015) show that
both DB and RSC are satisfied by Gaussian VAR(p) models in high dimensions.

If both DB and RSC hold with large probability, Negahban et al. (2012)[The-
orem 1] provides an [, estimation bound for B: Our goal is to show that the
error bounds are valid for each A; = B\Z —B:,i=1,...,n at the same time.

Lemma 1 characterizes the solutions of the optimization program in (7). We
require further notation. Define C; := C(8;, M,,, M}, ) for a pair of subsets
My = M(Siy,) and M, = M*(S;,), where S;, = {j € {1,...,pn}||8;;| > n} and
Si, = 17 € {L,...,pn}||Bi;| < n}. These sets represent the active parameters
under weak sparsity. In Theorem 1 we set n = \/o2 to derive our results.

Lemma 1. Suppose {y;} is generated from (1) and Assumptions (A1), (A2) and
(A3) are satisfied. Let

¢ + log(n?p)

T ;
where 7" > 0 is depends on 7, a and ¢, and any ¢ > 0. Then, if T > ¢ + log(n?p),
the event {Vz’ =1,...n: Ez - B e Ci} holds with probability at least 1 —m (¢) with
m1(€) = 10e~°.

A > 7(e + log(Tn?p))?/«

Lemma 1 shows that under restrictions on A the solutions to the optimization
program in (7) lie inside the star-shaped sets C; with high probability, as the
sample size increases. It restricts the directions in which we should control
the variation of our estimators. Next result shows the deviation bound holds
with high probability for appropriate choice of A. To formalize the idea, let

}7 1=1,...,n,
o0

denote the event “DB holds for equation i with regularization parameter \.”

(8) Di()) = {A > 9 ‘%X’Ui

Proposition 1 (Deviation Bound). Suppose {y,} is generated from (1), and As-
sumptions (Al), (A2) and (A3) are satisfied and T > ¢ + log(n*p) for some ¢ > 0.
Set

€ + log(n?p)

A>T (e+ log(TnQp))z/a T ,
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Jor some 7 > 0 and any € > 0. Then, Pr(U,Df) < 10e".

Suppose ¢ = log(np), n*p > T. The regularization parameter \ satisfies

A 2 log(np) /ey L)
T

and m(\) « 1/n%p. This regularization parameter is O([log(np)]?/®) larger, in
rate, than one obtained in Wong et al. (2020, Proposition 7). Their results re-
lied heavily in y; being a f-mixing sequence in a sense that the concentration
inequality derived in Merlevede et al. (2011) depends on it. In our case, the
dependence is characterized by the conditional variance of the innovation pro-
cess and coefficients ¢, ®,,..., and we are not aware of "tight” concentration
inequalities that hold under these assumptions. Nevertheless, for fixed n, it is
possible to show that the concentration inequality for sub-Weibull martingales
in Lemma 5 is tight (Fan et al., 2012b).

Let I'r = X'X/T denote the scaled Gram matrix and I' its expected value.
We show that if each element in I'r is sufficiently close to its expectation, and
Assumptions (A4) and (A5) hold, then RSC is satisfied with high probability.

Lemma 2 (Restricted Strong Convexity). Suppose Assumptions (A4) — (A5) hold
and that |Tr — T||. . < &% Then, for any A; € C;,

max — 64Rg "

2
Ir

2
©) AlerA; 2 TIAR - 7

an2’q.

To show RSC holds with high probability for all i = 1,..,n at the same time,
we have to bound the event

(10) B(a) = {[|ITr — |

ai(l—Q) e
64R,
work with N;B; and B; defined accordingly.

<a}.

max

where a = . If we assume distinct R, ; and ¢; for each equation, we should

Proposition 2. Suppose Assumptions (Al), (A2) and (A3) hold. If

TYiAY2

p <

2 1.4 )
<71AV2+1)( 271%/\(12)

and

a >

N A T
T Y
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for some ¢ > 0, then Pr(B¢(a)) < m(a), where

9 8
(np)sTH+e * (np)eTe
TZ2
a

mo(a) ==

4 (ble—c¢Aa2(T/2)"/2Ml + b8€—2’710¢>(T/2)71) ]

This bound controls the proximity between the empirical and population co-
variance matrices. Similar concentration inequalities were derived by (Kock
and Callot, 2015, Lemma 9), (Loh and Wainwright, 2012, Lemma 14) and
Medeiros and Mendes (2016a). Their results, however, cannot be applied in
our setting. Explicit expressions for the constants b,, bs and 7 in Proposition 2
are found in Lemma 6. Also, one may replace ¢ by its lower bound to remove
dependence.

This concentration guided the choice of dependence condition used in this
work. Traditionally one uses either a Hanson-Wright inequality or a Bern-
stein or Hoeffding type inequality to bound the empirical covariance around
its mean. We write the centered Gram matrix I'r — I as a sum of martingales
and a dependence term. The martingales are handled using a Bernstein type
bound and the dependence term is handled using both assumptions (Al) and
(A2). Combined, they imply a sub-Weibull type decay on expected value of
dependence term.

Finally, we use the bounds 7; and 7, in Proposition 1 and Proposition 2 to
show that equation wise (nodewise) lasso regressions are close to their popu-
lation counterpart in .

Theorem 1. Suppose assumptions (A1) — (A5) hold. Setn = \/c2. Under condi-
tions of Propositions 1 and 2, there exists T, > 0 such that for allT > Ty,

~ A 2—q
18; — B |5 < (44 + 2\ R, (—2) . i=1,...n,

or
2(1—q) q
in a set with probability at least 1 — 7, (log(np)) — (%) .

Theorem 1 states that, with high probability, estimated and population pa-
rameter vectors are close to each other in the Euclidean norm. It requires that
Propositions 1 and 2 hold jointly, meaning that A\, R, and o7 must satisfy rate
conditions. We show that if the size of 'small’ coefficients and smallest eigen-
value o2 of T' are restricted, then the rate of A in Proposition 1 is unaffected.
For ¢ = log(np) and T < np? Proposition 1 requires, after simplification,

4log(np)

A > 7" log(np)¥/® o
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. 20-9) g - .
for some constant 7*. Replacing a by “-=— in Proposition 2 we obtain
q

log(np) R,
q > 2/a, [ DO\ q
oz (oo B2 < (o)

However, it is not necessarily a constraint in the rate of . Propositions 1 and
2 will hold jointly for 7" sufficiently large for 0 < ¢ < 1 if

Rq o1 T (1-g)/2
— o | log(np)e-V/e ( ) .
o ( () log(np)

In other words, if the small parameters are not too large and smallest eigen-

value of ¥ is not too small as a function of 7.

5. DISCcUSSION

This work provides finite sample /; error bounds for the equation-wise LASSO
parameters estimates of a weakly sparse, high-dimensional, VAR(p) model,
with dependent and heavy tailed innovation process. It covers a large col-
lection of specifications as illustrated in section 3.

A distinctive feature this work is that the dependence structure of the inno-
vations are characterized by a very weak projective dependence condition that
is naturally verifiable in settings where one is interested in the conditional
variance of the process. The series of innovations is not necessarily mixing or
near-epoch dependent, nor the resulting time series {y,}.

Our bounds hold under a heavy tailed setting in a sense that we do not
require the moment generating function to exist. Despite the tails in {y;} being
sub-Weibull as in Wong et al. (2020), we are not able to recover the same rates
and lower bound for the regularization parameter A\. The reason is that Wong
et al. (2020) bounds rely heavily on the concentration inequality for mixing
sequences in Merlevede et al. (2011). Given the weak projective dependence
adopted, we chose to use a martingale concentration and overcome all together
the issue of using the dependence metric for deriving the concentration bound.
Nevertheless, we believe the loss in efficiency is minimal. Close inspection of
proof of Lemma 5 shows that the loss of efficiency is concentrated in bounding
the tail. It amounts to an extra log(7) term, which does not change the rates
under assumption that 7' < n?p, eventually.

A limitation of this work is the restriction that the model is, almost, correctly
specified in the mean, in a sense that innovations are martingale differences.
Nevertheless, this assumption is standard in the literature and we are able to
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derive results covering a broad range of data generating processes and con-
ditional dependence measures. The martingale difference condition cannot
be relaxed at this moment as our deviation bound depends on it. Further-
more, we do not require strong sparsity in a sense that near zero coefficients
are effectively treated as zero as long as they are concentrated in some slowly
increasing [, ball (0 < ¢ < 1) around the origin.

Results in this paper can be easily extended to polynomial tails. The strategy
is to replace the martingale concentration in Lemma 4, used to prove Proposi-
tions 1 and 2 by

d nk

Pr (gﬁ% | ;fﬂ > Ta) < m7
whenever ||{;|ls < co. If available under our dependence conditions, one could
employ a Fuk-Nagaev type inequality. Nevertheless, if follows that under appro-
priate changes to concentration rates, equation-wise LASSO estimators also
admit oracle bounds. A direct consequence is that moments conditions on
Carrasco and Chen (2002) and Hafner and Preminger (2009a.,b) are directly
applicable.

Despite working with a relatively simple structure and estimation model,
the machinery can be applied to more complex settings. The key points are
showing that the empirical covariance concentrates around its mean in terms
of its maximum entry-wise norm and the concentration inequality for large
dimensional, sub-Weibull martingales. Following development of Negahban
etal. (2012), the results may be naturally extended to structured regularization
with node-wise regression and replacing using the Frobenius norm for system
estimation. Finally, the HD VAR specification encompasses large dimensional
vector-panels among other models.
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APPENDIX A. PROOF OF MAIN RESULTS

A.1. Proof of Lemma 1. We apply Negahban et al. (2012, Lemma 1). The
empirical loss £(3;) is convex for each i. Proposition 1 ensures each (8) hold
with desired probabilities. 0

A.2. Proof of Proposition 1. Write the event A; = {max; [u/x;| < T\;/2}. We
shall derive probability bounds for Pr(N}_;.A;) > 1 — Pr(max; ; [ujx;| > TX¢/2). We
bound the probability using Corollary 1.

Under Assumption (A2), u/x; = Zf:p wiYi—sj (s = 1,..,pand i,j = 1,...,n) is
a martingale and each w;y,_,; is a martingale difference process. Hence, we
follow by applying Corollary 1. Conditions on 7" and \y/2 are already satisfied.
We need to show that u,y,—,; is sub-Weibull. For each d > 1, ||uy—s;lla <
]|um-||§1/,2|!yt_s,j||;g/;2 < Cp max|p|, <1 ||b'ul|2p, by Lemma 3. Then, it follows from Wong
et al. (2020, Lemma 5 and Lemma 6) and Assumption (A3) that w;y:— ; is sub-
Weibull with parameter «/2. Hence, there is some constant 7 depending on 7,
¢s and a such that Pr(|u,y:_s ;| > 7) < 2exp(—|z/7*|*/?). Result follows.

A.3. Proof of Lemma 2. For notational simplicity, write ||®7 — I'||jax < 0 <
ot /641*(M;,) where (M, ,) = sup,cc, |uli/|ulz = +/|Si,|. Using the arguments
in (Negahban et al., 2012, section 4.3), 5i7M§,,,|1 < ZjeSfm Biil1Bis 17T < IR,

and R, > 3" cs, |Bij|* = [Siyln?. Hence gfgz < 641#2‘2;\4@”). It follows that
u'Tu
> |Ai3 inf — AL [®r — T)A|s
> 1A int o A - TIA
> 0P AL; = AP — Tl s
> op|Af; — 0|A[]
2
> op|A]3 =0 <4|Ai,Mi,n 1+ 4|/81;,Min|1>
> A (‘71% - 325¢(Mi,n)2) + 325|5i,/\4§n|f
2 2
> A, 290 . 9r 5 2
O'2 0'2
> 201 L 20-9) 2
= 1Ak g “
0'2 02 _
= |Al’%7r‘ - 711772 qRQa
proving the result. 0

A.4. Proof of Proposition 2. The proof consists on a trivial application of
Lemmas 6 setting ¢ = o \7/64R,. O
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A.5. Proof of Theorem 1. We apply (Negahban etal., 2012, Theorem 1). Lemma
1 ensures A\ is selected accordingly, £r(3,) is a convex function of 3;,, Lemma
2 ensures RSC is satisfied with x, = ¢2/2 and 73(3,) = M Define (M, )
as in the proof of Lemma 2 and recall |5;, < R,n"¢ and \51,/\4# L < R, and
that n = \/o2. For each i, !

A
B, - B|2<9— 2(Mig) + = [272087) + 418, pes ]
Rr o

/\ A
< 36— 1 Ry~ + 2— [RqUQ_qJ% + 4an1_q}

or F

A A\ A\ 27? A\
<36—R,| = 2 |R, | &= 2L AR, | =
8 (0—) T () i (a> ]

A\ 27e A\ 27? A\ 2

< 368, (_) L oAR, (_) SR, (_>

014£ T
A\2?
or

APPENDIX B. AUXILIARY LEMMATA

B.1. Properties of y;. In this section we will derive properties of the process
{y:} described in (1)

Lemma 3. Suppose that for some norm || - ||, we have

b, <
max max Ib'uyl[y < ey,

Jfor some constant ¢, < oo that only depends on the norm || - ||,. Then, under
conditions (A1) - (A2), for allt and i € {1,...,n},

[e.@]
lialls < ca > lei®;ls.

J=0

Proof. Under assumption (Al) the VAR model in (1) admits the VMA(co) repre-
sentation (4) for all » and p. Let {¢; = (0, ...,0,1,0,...,0)",7 = 1, ...,n} the canonical
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basis vectors. Then, for all i, y;; = €}y, and

(o]
lefyilly = ||> el
=0

(]

o0 n
/
=D eidjenuns

§=0 k=1

(4

0,
_ Z|eq>|1z|€,q)e|’“

(X !eé%h) mex max b,
7=0
<Dl x ey,
=0
where |- | := | [oI(|-| > 0) + I(| - | = 0). 0

Due stability condition (Al), for each n and p, there exists ¢; such that
Yoolpish <cp foralld =1,...,n. Let || - ||, be the Orlicz norm,

|- {le = inf{e >0 9(] - [/e) < 1},

where ¢(-) : R* — R* is convex, increasing function with ¢ (0) = 0 and ¢(z) — oo
as r — oo. Traditional choices of ¢(-) are (a) ¢(z) = zF, p > 1, (b) ¥ (z) = exp(z®) —
1, a>1, and (c) ¥(z) = (ae)"*zI(z < a= /%) + exp(z®)I(x > a~'/?). These choices
contemplate sub-Gaussian and sub-exponential tails, as well as process with
heavy-tails, such as sub-Weibull and polynomial tails. Note that by combining
this result with (Wong et al., 2020, Lemma 5 and Lemma 6) if {b'u;} are sub-
Weibull, so are {b'y;}.

Assumption (A1) is satisfied under restrictions on the parameter space. The
stability assumption is standard in the literature whereas the tail sum (3) re-
quires further constraints on the parameter matrices. Lemma 4 presents a
sufficient set of restrictions on the sparse parameter matrices Ay, ..., A, so that
(3) is satisfied.

Lemma 4. Suppose that for all n and p, there exists some p > 0 such that

lelAklll Z max |ay;[1 < e’

where A, = |ay,:---: ayy,|’. Thenforeveryd=1,...n

i |drslt < 30500 1Al sl b = 1,2,
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. Y o |Pksh < coe ™, m > 1, provided that for all p,

(B.1) Smax kmax ekr x Za]]qﬁ]g\l < (1 —e"")cy,

where o; = e’|Aj|c and &; = ) ;. il —k—ptj Hz L o, wheret = (i1, ...,14—p) IS Q
multi-index.

Proof. Starting from the recursive definition of ¢, = fﬁ Qy_;A;,
PNk PAk pAk
= les@rh = D es®rA;| <D 1o oAl <D ksl Al
j=1 1 =1 J=1

Suppose k > p, let a; = e?|| Aj||, and verify that 0 < 7, a; < 1. Iterating on
the previous argument s < k — p times yields

|Prsl1 < Z Z <H‘AJ1’OO> |G 2= 1]175’1

Jji=1 Js=1

ey ey (H) s sl

Jji=1 Jjs=1

P k—p
= e 7) Z Z H Qy, ’gbp*jﬁ’l’
=1 \i:|i|1=k—p+j I=1
where ¢ = (i1, ..., i;—,) is a multi-index and the summation is over all combina-
tions satisfying |i|; = k — p + j. The term inside parentheses is &; and under
the conditions of the lemma

p
|frsl < ek x [eﬂpZ@j\qﬁm,ahl < (1—e ek,
j=1

The same result follows trivially for £ < p under the assumptions of the
lemma.
Summing over all values of k£ > m,

_ _ > e rk B
Zwmh <ol )Y et = e E_—> = coc .

k=m

U

B.2. Concentration inequality for martingales. In this section we derive
concentration bounds for martingales. In the firs theorem we consider martin-
gales with at most d finite moments, whereas in the second we allow the tails
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of the marginal distributions to decrease at a sub-Weibull, sub-exponential or,
even sub- and super-Gaussian rate.

Lemma 5 (Concentration bounds for high dimensional martingales). Let {¢;};—1 ..
denote a multivariate martingale difference process with respect to the filtration
F; taking values on R" and assume E(£2) is finite forall1 <i<tand1 <t <T.

Then,
Pr <

T
> &
t=1
Jor all M > 0.

Tx?
> Tx) < 2nexp (—m> +4Pr (gl%XT\mOO > M) ,

Proof. Write & = (&1, ...,&)’. The proof follows after application of (Fan et al.,
2012a, Corollary 2.3).

Write V2(M) = maxicicn > 1y E[E21(E: < M)|F, X = Sob, & and X4 (M) =
Zle &l (& < M). It follows that for v > 0 and z > 0,

Pr(| X,leo > ) < Pr(3i, k= Xy >z NVE(M) <0?) + Pr(VE(M) > v?)
<Pr(3ik: X (M) >xnNVEM)<v®)+Pr(VE(M) > v?)

k
+ Pr (ggag;Zé}tI(&t > M) > 0>
- t=1

S (Tz/M)* 2 2
< nexp <_2((U/M>2 n %x/M)) + Pr(V:(M) > v7)

+ Pr (max 1€t]oo > M)
1<t<T

¢ T\ L ,p M
s nexp |~ v +2Pr 1I£ltéi}%|§t|m > )
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In (1) we use union bound and (Fan et al., 2012a, Theorem 2.1) and in (2) we
set v? = T(M? + Z=Mz) and the following:

T
Pr(Vi (M) > v*) < Pr <1H<1.a<x E[& (|6l < M)|F] > v2>
T t=1

T
+ Pr <1IE§1<X E[& (& < —M)|F] > 0)
==

1<i<n 4= 61

T
<Pr (max E[& (€| < M)|F] = T(M? + LMﬂf))

+ Pr (max 1€t| oo > M)

1<t<T
<P M
> T <1@f¥% |§t|oo > ) )

where in the last line we note that >, E[¢2](|¢,| < M)|F] < TM?.
Finally, write Pr(|X,| > Tz) = Pr(X,, > Tz) + Pr(—X,, > Tz) and apply above
development in both terms. O

Corollary 1. Let {& = (&1, ..., &nt)' }i>1 denote a multivariate martingale diff erence
process with respect to the filtration F; taking values on R". Suppose that for
each max;; Pr(|&;]| > ) < 2e~@/°, for allz > 0, some a > 0 and 7 > 0 Then,

P ET &Gl >Tzx | <2 v’ + 8nT -
r _— —_—— .
¢ x n exp SRS, nT exp —

t=1
In particular, if z > 7(e + log(nT))"*/e + logn/vT and T > (e + logn) for any

e >0,
Pr(

Proof. The first part we combine the union bound with assumption on ¢;. In
the second part, we will need the following bound. Let 0 < a < b/4 < co. then
Va+b—/a>Vb(1—2y/a/b)'/2. To verify that, first note that va + b < /a + Vb,
then (Va+b— va)? = 2a+b—2va®+ab > b — 2vab = b(1 — 2./a/b). Now, let
a = 1/T and b = 8/(e + logn) and verify that the choice M = zv/T/\/e + logn
satisfy logn — < —¢, then replace M and z to obtain the bound. 0

T
P
t=1

> Tx) < 10e™¢.

T2
2M2+ Mz
B.3. Concentration bound for empirical covariance matrix. In this section
we derive concentration bound for || ®7—T'|| ., Where & = X'X /T and ' = E®.
We first split the problem into a sum of martingales and a tail dependence term.
Then, we bound both individually.
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Lemma 6. Suppose Assumptions (A1), (A2) and (A3) hold and

T2

p< .
G 2+ e

27 (YD)

If for some £ > 0
o 21+ €7 log (npT)] 2/
€ -~ T y

then

2 8
Pr(HI‘T_I‘HmaX Z 6) S +
ET1+E €€
(B.2) (?) (np)
+ n <b1e*0¢/\a2(T/2)”2M1 + bse*Q%%(Tﬂ)Wl)
€

where by, b; and T are constants not depending on T'.

Proof. Use the union bound to rewrite our probability bound in terms of y; :

p p-r T
Pr(“¢T - FHIH&X > 6) < 2 Z Z Pr Z yt—ryg—'r—s - ]E[Yt—ryg—r—s] >Te
r=0 s=0 t=p+1

max

Now, use a telescopic expansion of y;y; . to obtain a sum of martingales and
a dependence term:

m

T T
> oy —Elywi )=

> Elyiy; o Fiin) — Elyeyi o Fi]
t=p+1 t=p+1 I=1
n
T
+ > Elysy; o[ Fim] — Elysy;_,]
t=p+1
I
=1, + L.
Here,
m T T
Li=)" VY and L= Elyy, J|Fi-m] - Elyy,
=1 t=p+1

t=p+1



22 RICARDO P. MASINI, MARCELO C. MEDEIROS, AND EDUARDO F. MENDES

where {Vl(f )}t, [l =1,..,m, are sequences of martingale differences. The same
decomposition holds for all terms y; .y; . . Then,

m T
R Te
Pr([[11 + Lz[lmax > Te) < ZPr <|| Z Vl,(t)”max > %)

=1 t=p+1
T Te
+Pr ||| Y Byl | Fon] —Elywy, | > 5
t=p+1 max
Te?
2
< 2mn” exp (—m)
(B.3) + 4mn’*T max Pr <|Vz(:)| > M)

(B.4)

9

max E| Z 6 Yth—s€j|]:t—m] - BQE[YQyt—s]ej

1<i,j<n
t=p+1

where ¢; = (0,...,0,1,0,...,0) is the i canonical basis vector in R".
Bounding the tail (B.3):

The martingale differences {Vt(lS )} ((=1,..,nand s = 0,...,p) are sub-Weibull
with parameter «/2. For any random variables (X,Y’) and o-algebras F and G,

IE[XY|F] - E[XYG]ll, < 2 XY|, < 20,131,

Therefore, it follows from Wong et al. (2020, Lemmas 5 and 6) that if both X and
Y are sub-Weibull with parameter o, then XY is sub-Weibull with parameter
«/2. Therefore, there exists some 7* such that Pr(|thf)| > 5) < 2exp(—|z/T*|*/?),
bounding (B.3).
Bounding covariances (B.4):

Now we move toward bounding the dependence term (B.4).Write

s—1 00
r /
Yt¥Yi-s = E :cbjut*ji :ut—s —j + E (I)SJr]ut s§— ]E :ut s—j ]

Jj=0 Jj=0
s—1 00

_ ) ] / /

= E OF) | P E u, P
Jj=0 Jj=0

o
+ E Qi juy o ;P

J=0

(o) o
+E E LGN PRI, | PRSI

k=1 j=0

o oo
+§ E CFTIEN | PRI | PR

k=1 j=0
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It follows that Ely;y; .| = Z;’io ¢, X®,;. Recall that F;,_,, = o(w_; : i = m,m +
1,...), then, for m > s,

m—s—1
Elyye—s| Fiom] — Elyiy;_,] = Z (I)J'E[ut—s—ju;fsfj N E|ft—m]q>;+8
j=0
+ Z ®m+j (utfmfjutfmfj - 2)®mfs+j
=0
(B.5) —
=+ Z Z (I)erjut,m,ju;_m_j_kq)mfs+j+k
k=1 j=0
+ Z Z q)mﬂ-i-kut—m—j—ku;—m—jq)m—s"‘j
k=1 j=0

= Ay (t,s,m) + Aa(t,s,m) + As(t, s,m) + Ay(t, s,m).

We shallbound E |}7_ S""" " e} A;(t — r, s, m)e,| individually, for all {e;,i = 1,...,n}
the canonical basis vector in R".
a) Bounding E |>7_ Y"1 A (t —r,s,m)|:

It follows from Assumption (A2) that for all by, b, € {b € R" : |b|; =1}

max E\E (b} (wu; — X)'ba| Fi_n] | < a1 exp(—azm).

Set {e;,i = 1,...,n} the canonical basis vector in R". It follows from Assumptions
(A1) - (A2) that for j <m — s —1:

E|e),®;E[(u_sju_, ; — X)|F-m] P}, el
< |djklill@jrsihi mtaXEE[bﬁ (W—s—juy_, ; — T)bo|Fyp]|

— —ea(i48)  —2¢,4M — —j—s)72
< Ggpe ce(j+s) e 2¢4] [ale az2(m—j—s) ]

Let 0 < v <1 and %7 > (%)(2 + L) then c(m — p)” —log(p + 1) > c(m/2)".
Rewriting the inequality, we have to show that (m/p — 1)” — (m/2p)” > 2log(p +
1)/cp?. In the LHS, a second order Taylor series expansion yields (2a—1)"—a” >
velay(1 — ety > XHeslyy for a > 1. Set a = m/2p, so that VTH(%QP)(%)V >
log(p + 1)/cp”. As for the RHS, log(p + 1)/p < 0.7. Combining bounds above we
show our claim.

Note that for ,b > 0and 0 < v < 1 a”" +b" = (a+ b)Y + (1 — )] where
r=af(a+b),and 1 < [27+ (1 —=x)] <2forxz € [0,1]. Now, let 0 <y <1landc >0,
then Y7 (e " < [Fe™dr = 7 /AT(1/y,n) T PT(1/y 4+ 1) < o0, as n — oo,
where I'(a,n) = [ 2" ‘e "dx 1 [[" 2" ‘e "dx = T'(a) are the incomplete gamma

function and gamma function, respectively.
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Then,
p p—r p p—r m—r—s—1
Z Z e ALt —r,s,m)e| = Z E ‘e;(bj]E[ut,r,s,ju;_r_s_j — E\ft,m]q);,rsel‘
r=0 s=0 r=0 s=0 j=0
p p—r m—r—s—1
< Copay Z e ol g 209 pmaz(mor—j=s)72
r=0 s=0 7=0

p—r m—r—s—1

p
_ _ ’Y2/\’Y _ i1
S Coy § e (coNaz)(m—r) E ced

r=0 s=0 :0

e/ T (/)

Q——————
2m

< bye(eanaz) (/22

(p + 1)2e~(cona)(m—p)2'n

b) Bounding E Y0 > "0e) Ay (t — r, 5, m)e:

Let maxpy, b, E|b](wu, — X)bo| < 2A,,.x(2) where by, by € {b € R": |b|; = 1}. It
follows from Lemma 7 after rearranging terms:

p_p-r p—r oo
E ZZ@%AQ —r,s,m)e| < ZZZE‘ekCI)mﬂ WU, — 2)P S+J€z|
r=0 s=0 r=0 s=0 j=0
P p—r oo
<ZZZ’¢J’€| |Gj—sal1 maXE’b/(utut 3)bs,|
r=0 s=0 j=m
p p_r ° . .
< 2Amax<2>é?{> Z Z Z e Csd™ p=co(i—r)M
r=0 s=0 j=m
p_p-r o0
= 2(?2 (Z 1) Z 672%(1*”71
r=0 s=0 j=m—p
= by [(p = 1)(m — p) 2]
S bS(evl)—%efQ'ylc(ﬁ(m/m“/l :
were by = %71\{15—?@1)2‘ In the last line, we use > > (-27)(2 + 2716 L) for m suffi-

ciently large:
(p — 1)(m — p)I-1/2gcolm=p)"t

l'yl(

<e cp(m—p)M —log(m=p)) o o=71¢H(m/2)7~ log(p+1)(p_|_ 1)
< (o) et/

c) Bounding Y7 > A (t —r,s,m) (j = 3,4):
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Under Assumption (A1)-(A3), for all b € R” with |b|; =1,
Ele;ﬂ(Dm-i-jut—m—ju;—m—j—kq)m—s—i-j-i-kes|
< [bmtjr 1| Gm—stjir,s[1 max b'w 13

—cp(m47)" —cy(m—s+j+k)71
< bye »(m+7) o J+k) :

where by = 3 Anax(2). As before, if we have ut r—s—j we must replace m my m—r.
It follows from Lemma 7, ™+ > (-2-)(2 + ;221) and m sufficiently large:
p Y1+1 2’y Ce

p—r oo

p oo
E 2 e—cd)((m—r—m )71 E e (m—r+j+k—s)71
r=0 j=0 0 k=0
p p-r 00 [o's]
E E :1 E e~ Co((m=—p+iM E :6—6¢(m—p+j+k)”1

r=0 s=0 7=0 k=0

< by ((p + 1) (m — p) 7 ecetm))?

< b4( (1=71)(eg(m=p)"t —log(m=p))  o=71¢0(m/D™ ~log(p+1) () 4 1))2

< 556—271%(77%/2)

_ol=m
where b4 = W, b5 = b4(€’71) 2 no,
Then, it follows that

p p—r oo 00

(B.6) Z Z Z Z Ele;‘q)m‘i‘jut—m—juz/t—m—j—kq)m—s+j+k€l’ < bge 2ncelm/2M

r=0 s=0 k=1 j=0

_ol=m
33 max(E)(ewl) "
(14+92)3¢c ¢'71
d) Combining bounds:

Finally combining the three bounds above and setting m satisfying

where bg = bybs =

mn Y2

>

2 1.4
(’Yl/\’Yz-i-l)( + 271C¢/\a2) :

p p-r

> ) E

max —E\ Z Eleiyir¥irs€il Frm] = EBleyi-ryi_,_e)]
(B7) r=0 s=0

1<q ]<7L
t=p+1

?

< n? <b16_(C‘i’m”)(m/z)ww1 + bﬁe_mcqb(mﬂ)ﬂ)

1—v
where b; = bg(e’}/l)_Tl + 2bg
Combining Tail and Covariance:
Set m =T, then we require that

T7iAY2

p <

2 1.4
(’Y1/\’Yz+1 )( + 27104)/\@)
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Then, combining bounds:

1 Te?
P (1T = Dl > €) < 250 (2108(7) - 575

+ 862 log(npT)—M®* /7%
77/2

+— <b1e*“2A%(T/2)72Ml + 676*271%(T/2)ﬂ>
€

Y

where 7, b and b; are as above. Let ¢ > 0 and M = (2 + £)7%log(npT), by
assumption T'e? > 2(1 + &)*¥*72[log(npT)]**?/* which implies that 2log(npT) —
#fMe < —¢log(npT). Finally,

2
2 B LT (e e/
€

P I'r-T max Z S
r(|IPr — T 2 (np)eT+E " (np)eTe

4

Lemma 7. Let0<a<1b>0,n> (ba(H“)

e b —b(i47)O 6 _a 7na2
B9 22 S e M)

i=n j=0

and

= e V2 “
B. —bi < l—a_—bn ]
(B.9) g e < s ( n'=%

1+ a)?

i=n

Proof. Let V denote a Weibull(a,2b) random variable.

i i e—bio‘—b(i-i-j)o‘ — i(] —n+ 1)6—2bj°‘
i=n j=0 j=n

WK

(j —n+ DE[L(V > j)]

.
Il
3

[
WE

(G—n+1)’E[I(j <V <j+1)

<

—~ 3

IN

E[(V —n+1)2[(V > n)].

It follows from a second order Taylor expansion that for = € [0, 1],

(1 + l,)a — > ar® ! — &(1 — a’)xa—Q > a(]' — a)l,a—l7
2 2
and . .
(14+2)*—1>ax— o ;a)xQZ a ;a):c.
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Then, forv>n,set0 <z =n/v <1

o1 =a) 2y 0=

@ _n% = 0(1 a_ p2 > — =
(v+n)t—n =0t [(1+2) -] 2 B2 (2 - v,
and for0<v<n,set0<zx=v/n<1
1-— 1-—
(1) —+ n)a —n®=ns [(1 + x)a _ 1] Z M%na — Mna_lv_
Therefore, (v+n)*—n® > “=Dpa—1y for v > 0. Also (n+v)*"! < n®"'. Now we may

bound the conditional expected value. Let X denote an exponential random
variables with parameter \ = ba(1 + a)n® '

o0 o 2bavte= 2"

E[(V —n+1)I(V >n)] = / (v—n+1) g

n

dv
— / (I‘ + 1)22ba<x + n)a71€72b[(x+n)ﬂina]d'x
0

S/ (z + 1)%ban® e tel+an "z gy,
0

2
= E(X +1)°
1—i—a( +)

2 <2+2)\+A2>

14+a A2

<6 e
S Uraoppa”

where in the last line we note that n > (%)V (1=2) jmplies A < v/2 — 1.

Finally, the first bound follows because
E[(V —n+1)2L(V >n)] =E[(V > n)E[(V —n+ 1)?|I(V > n)]]

<0 g
S At apra

The second bound follows after similar arguments:

€—2bn“ )

f: e <E[(n+ 1)I(V > n)]

1 a
E(X + 1)e ™
“1+a ( + )e

< \/5 l—a _—bn®
< ——n "% )
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